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The canonical quantization of a massive symmetric rank-two tensor in string theory, which con-
tains two Stueckelberg fields, was studied. As a preliminary study, we performed a canonical quan-
tization of the Proca model to describe a massive vector particle that shares common properties
with the massive symmetric rank-two tensor model. By performing a canonical analysis of the La-
grangian, which describes the symmetric rank-two tensor, obtained by Siegel and Zwiebach (SZ)
from string field theory, we deduced that the Lagrangian possesses only first class constraints that
generate local gauge transformation. By explicit calculations, we show that the massive symmetric
rank-two tensor theory is gauge invariant only in the critical dimension of open bosonic string theory,
i.e., d = 26. This emphasizes that the origin of local symmetry is the nilpotency of the Becchi-Rouet-
Stora-Tyutin (BRST) operator, which is valid only in the critical dimension. For a particular gauge
imposed on the Stueckelberg fields, the gauge-invariant Lagrangian of the SZ model reduces to the
Fierz-Pauli Lagrangian of a massive spin-two particle. Thus, the Fierz-Pauli Lagrangian is a gauge-
fixed version of the gauge-invariant Lagrangian for a massive symmetric rank-two tensor. By noting
that the Fierz-Pauli Lagrangian is not suitable for studying massive spin-two particles with small
masses, we propose the transverse-traceless (TT) gauge to quantize the SZ model as an alternative
gauge condition. In the TT gauge, the two Stueckelberg fields can be decoupled from the symmetric
rank-two tensor and integrated trivially. The massive spin-two particle can be described by the SZ
model in the TT gauge, where the propagator of the massive spin-two particle has a well-defined
massless limit.
PACS numbers: 11.25.-w, 11.15.-q
I. INTRODUCTION
Ever since Dirac [1] attempted to quantize Einstein’s gravity in the framework of the canonical Hamiltonian for-
mulation, the problem of quantization of the spin-two particle has remained unsolved. When we perform a canonical
quantization of Einstein’s gravity, a number of difficulties may be encountered [2–5]: Among others, Einstein’s gravity
is highly non-linear, and it is difficult to apply the usual perturbation theory. If we expand Einstein’s gravity in terms
of perturbative metrics near the flat Minkowski space-time, we obtain an infinite number of interaction terms. Sec-
ond, because Einstein’s gravity does not possess dimensionless coupling, the perturbative quantum theory of Einstein’s
gravity cannot be renormalized to four dimensions. String theory is anticipated to provide reasonable measures to
address such difficulties associated with the application of perturbation theory to Einstein’s gravity. In this respect,
it is worth noting that the graviton scattering amplitudes of Einstein’s gravity [6–11] arise from the closed string
scattering amplitude in the low-energy approximation where α′ → 0. By replacing Einstein’s gravity with closed
string theory in the high-energy region, it is expected that the problem of ultraviolet divergence in quantum gravity
could be resolved.
In the present work, we approach the canonical quantization of the spin-two field from a different angle: we discuss
the massive symmetric rank-two tensor, which is closely related to the linear theory of massive gravity [12], within
the framework of open string theory. (For a review of massive gravity, see Refs. [13, 14].) In open string theory [15],
the massive spin-two field is generated as a component of the massive symmetric rank-two tensor multiplet, which
additionally contains a vector field and a scalar field. These additional fields may be considered as Stueckelberg
fields [16] to ensure local gauge symmetry, as will be shown later. The massless limit of the massive spin-two field
corresponds to the high energy limit in open string theory where α′ →∞. Thus, canonical quantization of the massive
spin-two field is also intrinsically important when exploring the high energy limit of open string theory [17, 18].
The purpose of this study is twofold: The first is to perform a canonical quantization of the massive symmetric rank-
two tensor theory established by Siegel and Zwiebach (SZ) using the BRST-invariant open string field theory. The
second is to clarify its relation to the linear theory of massive gravity studied by Fierz and Pauli (FP) and to propose
an alternative, yet equivalent model, that may not share the undesired features of the FP model in the massless limit.
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2We note some of the problems of the FP model in the massless limit from the point of view of canonical quantization
and propose an alternative theory for the massive spin-two field, which can be obtained from the massive symmetric
rank-two tensor theory, by choosing the transverse-traceless (TT) gauge [19–23]. The problematic features of the FP
model, such as the discontinuity of the massless limit [24, 25], which is termed as the van Dam-Veltman-Zakharov
(vDVZ) discontinuity, may be attributed to inadequate choice of gauge fixing for the massive symmetric rank-two
tensor theory of Siegel and Zwiebach with small mass. By an explicit construction, we show that in the TT gauge,
the propagator of the massive spin-two field smoothly reduces to that of a massless graviton in the massless limit
without encountering any discontinuities.
II. PRELIMINARY: CANONICAL QUANTIZATION OF THE PROCA MODEL
As a preliminary study, it may be instructive to first discuss the Proca model [26] that describes a massive vector
particle because it is simple and shares many similarities with the massive symmetric rank-two tensor. A massive
spin-one field is described by the Proca model whose Lagrangian is given as follows:
L1 = −1
4
FµνF
µν − 1
2
m2AµA
µ (1)
where Fµν = ∂µAν − ∂νAµ. Throughout this paper, we will use ηµν = diag(−,+, . . . ,+) as the d-dimensional space-
time metric. Performing the Hamiltonian analysis of the Proca action, we find two second class constraints [27, 28],
namely ϕ1 and ϕ2:
ϕ1 = Π0 = 0, (2a)
ϕ2 = ∂iΠi −m2A0 = 0, (2b)
[ϕ1(x), ϕ2(x
′)]PB = m
2δ(x− x′) 6= 0. (2c)
where Πµ, µ = 0, 1, . . . , d− 1 are canonical momenta that are conjugate to Aµ. This pair of second class constraints
compels us to use the Dirac brackets instead of the Poisson brackets in the Hamiltonian formulation of the model.
Usually, canonical quantization with second class constraints often turns out to be cumbersome and complicated [1].
This problem may be resolved by introducing an auxiliary scalar field called Stueckelberg field [16]. With the help of
a Stueckelberg field, φ, we can recast the model into a more convenient form as follows:
L2 = −1
4
FµνF
µν − 1
2
m2 (Aµ + ∂µφ)
2
. (3)
This Lagrangian Eq. (3) is now invariant under a local gauge transformation
δAµ = ∂µ, δφ = −. (4)
By imposing a gauge fixing condition φ = 0, the gauge-invariant Lagrangian Eq. (3) reduces to the Proca Lagrangian
Eq. (1). Thus, the Proca Lagrangian Eq. (1) can be understood as a gauge-fixed version of the gauge-invariant
Lagrangian Eq. (3).
The advantage of using the gauge-invariant Lagrangian is that we do not need to employ the Dirac brackets
to perform the canonical analysis: The Hamiltonian system of the gauge-invariant model possesses only first class
constraints, which generate a local gauge transformation. Because we can use the usual Poisson brackets to carry
out the Hamiltonian formulation, quantization of the system is simpler and easier than that with the Dirac brackets.
Defining the canonical momenta as
Πµ =
∂L
∂A˙µ
, piφ =
∂L
∂φ˙
, (5)
we find
Πi = F0i, piφ = m
2
(
φ˙+A0
)
(6)
and a primary constraint
ϕ1 = Π
0 = 0. (7)
3The Hamiltonian density for the system may be written as follows:
H = piiA˙i + piφφ˙− L
=
1
2
ΠiΠ
i +
1
4
FijF
ij +
1
2m2
pi2φ +
1
2
m2(Ai + ∂iφ)
2 +A0(∂iΠ
i + piφ). (8)
It is clear from Eq. (8) that A0 is a Lagrangian multiplier. Taking a commutator between the primary constraint Eq.
(7) and the Hamiltonian, we obtain a secondary constraint as follows:
ϕ2 = [pi0, H]PB = −(∂iΠi + piφ) = 0. (9)
The following simple algebraic relations confirm that the closure property is satisfied:
[ϕ1, H] = ϕ2, [ϕ2, H] = 0, [ϕ1, ϕ2] = 0. (10)
Using this algebraic constraint, we may construct a gauge generator as follows:
Ω(t) =
∫
dd−1x (˙ϕ1 + ϕ2)
=
∫
dd−1x
{
˙Π0 −  (∂iΠi + piφ)}, (11)
which then generates the local gauge transformation of Eq. (4) as
δAµ = [Aµ,Ω] = ∂
µ, δφ = [φ,Ω] = −. (12)
Having performed the canonical analysis, we may choose a suitable gauge condition to fix the degrees of freedom of
the local gauge. Various choices of the gauge fixing conditions are available: We may choose the usual gauge conditions
such as the Lorenz gauge condition ∂µA
µ = 0, Coulomb gauge condition∇ ·A = 0, or axial gauge condition nˆ ·A = 0.
Alternatively, we may choose a gauge fixing condition that can be imposed on the Stueckelberg field as follows:
χ = φ = 0. (13)
This gauge condition also fixes the gauge degrees of freedom appropriately and causes the gauge-invariant Lagrangian
of Eq. (3) to reduce to the Proca model, i.e., Eq. (1). As δχ(x)/δ(x′) = −δ(x − x′), this gauge fixing does not
produce a nontrivial Faddeev-Popov ghost term. It may thus be appropriate to call this gauge condition (Eq. (13))
as the Proca gauge.
In the Proca gauge φ = 0, the generating function may be written as
Z =
∫
D[A]D[φ] exp
{
i
∫
ddx
(
−1
4
FµνF
µν − 1
2
m2 (Aµ + ∂µφ)
2 − λ
2
φ2
)}
(14)
where λ is a gauge parameter [29]. If we are interested in constructing a propagator for a massive spin-one particle
using the Stueckelberg field, it would be convenient to treat the vector field and the Stueckelberg field as components
of a multiplet Ψt = (Aµ, φ): In terms of the multiplet, the Proca action may be written as
A = 1
2
∫
ddp
(2pi)d
ΨtOΨ, (15)
O =
( −ηµν(p2 +m2) + pµpν −im2pµ
im2pν −λ−m2p2
)
. (16)
Inverting the operator O, we obtain the propagator G for Ψ as follows:
G =
1
i
O−1 =
(
i
p2+m2
(
ηµν + p
µpν
m2
)
+ iλp
µpν 1λp
ν
− 1λpµ iλ
)
. (17)
Here, we use the block matrix inversion(
A B
C D
)−1
=
(
A−1 +A−1B(D − CA−1B)−1CA−1 −A−1B(D − CA−1B)−1
−(D − CA−1B)−1CA−1 (D − CA−1B)−1
)
. (18)
4In the limit where λ→∞, the Stueckelberg field φ completely decouples from the gauge fields Aµ, and the propagator
reduces to
G =
(
i
p2+m2
(
ηµν + p
µpν
m2
)
0
0 0
)
. (19)
Therefore, in the Proca gauge φ = 0 and Eq. (4), we only need to consider the gauge fields Aµ, whose propagator is
given by
GµνA =
i
p2 +m2
(
ηµν +
pµpν
m2
)
. (20)
One of the interesting points that we should note is the massless limit of the Proca model. From the Lagrangian of
the Proca model Eq. (1), we expect that in the massless limit, m→ 0, and the Proca model reduces to the U(1) gauge
theory. However, in quantum theory, this limit may not be considered in a straightforward manner: The propagator
in Eq. (19) is ill-defined in the massless limit. We may encounter similar difficulties when quantizing the Proca action
directly, i.e., Eq. (1), which contains the second class constraints. Because the Dirac bracket is defined [27] as
[F (x), G(x′)]DB = [F (x), G(x
′)]PB −
∫
dd−1y
∫
dd−1y′ [F (x), ϕa(y)]PB E
−1
ab (y,y
′) [ϕb(y′), G(x′)]PB , (21a)
Eab(x,x
′) = [ϕa(x), ϕb(x′)]PB =
(
0 m2
−m2 0
)
δ(x− x′), (21b)
E−1ab (x,x
′) =
(
0 −1/m2
1/m2 0
)
δ(x− x′), (21c)
the Dirac bracket is also ill-defined in the massless limit. This difficulty may be attributed to the fact that the numbers
of degrees of freedom of the two theories differ from each other: The Proca model describing a massive vector particle
has d degrees of freedom in d dimensions, whereas the U(1) gauge theory that describes a massless gauge particle
possesses only two degrees of freedom.
In order to explore the massless limit of the Proca model, it may be more appropriate to choose the usual Lorenz
gauge ∂µA
µ = 0. In this covariant gauge, the Proca action with the Stueckelberg field Eq. (3) may be read as
S =
∫
ddx
{
−1
4
FµνF
µν − m
2
2
AµA
µ − λ
2
(∂µA
µ)
2 − 1
2
∂µφ∂
µφ
}
(22)
where we scale the Stueckelberg field as φ → φ/m. As the vector field Aµ decouples from the Stueckelberg field, we
can obtain their propagators separately as follows:
GµνA =
i
p2 +m2
(
ηµν + α
pµpν
p2
)
, Gφ =
i
p2
, (23a)
α =
p2(1− λ)
p2 +m2 − p2(1− λ) . (23b)
In the limit where λ→∞, we find that the propagator for Aµ satisfies the Lorenz gauge condition:
GµνA =
i
p2 +m2
(
ηµν − p
µpν
p2
)
, GµνA pµ = G
µν
A pν = 0. (24)
In the Lorenz gauge, the massive vector particle is described by Aµ, and satisfies the gauge condition ∂µA
µ = 0 and
massless scalar field φ. It is worth noting the difference between the propagator for the massless U(1) gauge field in
the Lorenz gauge
GµνU(1) =
i
p2
(
ηµν − p
µpν
p2
)
(25)
and the propagator for the massive vector of Eq. (24). In contrast to the model of Eq. (1) in the Proca gauge,
where the propagator for Aµ becomes singular in the massless limit, the model in the Lorenz gauge has a well-defined
propagator for Aµ, i.e., Eq. (24), which reduces to the propagator of the massless U(1) gauge particle in the massless
limit. Thus, the model in the Lorenz gauge Eq. (22) appears to be more suitable than the conventional Proca model
of Eq. (1) for exploring the small-mass limit of the massive vector particle. The two models, Eq. (1) and Eq. (22), are
gauge equivalent to each other. If we further integrate the massless scalar Stueckelberg field φ, we get the following
Lagrangian for a massive vector field that satisfies the Lorenz gauge condition:
L = −1
4
FµνF
µν − m
2
2
AµA
µ − λ
2
(∂µA
µ)
2
. (26)
5III. MASSIVE SYMMETRIC RANK-TWO TENSOR IN STRING THEORY
We are now ready to discuss the canonical quantization of the massive symmetric rank-two tensor. In string theory,
massive spin-two fields arise in the spectrum of open strings rather than closed strings as a part of massive rank-two
tensor multiplet, which may be described by the following Lagrangian [15]:
LSZ = 1
4
hµν(∂
2 −m2)hµν + 1
2
Bµ(∂
2 −m2)Bµ − 1
2
η(∂2 −m2)η
+
1
2
(∂νhµν + ∂µη −mBµ)2 + 1
2
(
m
4
h+
3
2
mη + ∂µB
µ)2 (27)
where h = hσσ. Here, B
µ and η are Stueckelberg fields that ensure the local gauge symmetry of L. By algebraic
manipulation, we find that this Lagrangian is invariant under the following local gauge transformation:
δhµν = ∂µν + ∂νµ − 1
2
mηµν, δBµ = ∂µ+mµ, δη = −∂µµ + 3
2
m. (28)
It is worth noting that the explicit calculations given in the Appendix show that the gauge invariance works only
for the critical dimension d = 26. This reminds us that the origin of the gauge symmetry is the nilpotency of the
Becchi-Rouet-Stora-Tyutin (BRST) charge [30, 31] of open bosonic string theory, which requires that d = dcritical = 26.
The equations of motion for fields hµν , Bµ, and η are respectively read from the Lagrangian as follows:
1
2
(∂2 −m2)hµν − ∂(µ∂λhν)λ +m∂(µBν) − ∂µ∂νη + ηµν
(
m2
16
h+
3
8
m2η +
m
4
∂λB
λ
)
= 0, (29a)
∂2Bµ − ∂µ∂νBν −m∂νhµν − m
4
∂µh− 5
2
m∂µη = 0, (29b)
−2∂2η + 13
4
m2η − ∂µ∂νhµν + 3
8
m2h+
5
2
m∂µB
µ = 0. (29c)
If we choose a gauge
Bµ = 0, η = −1
2
hµµ, (30)
to fix the gauge degrees of freedom of Eq. (28), the gauge-invariant Lagrangian LSZ of Eq. (27) reduces to the
Fierz-Pauli Lagrangian [12], which was proposed to describe the massive spin-two particle
LFP = 1
4
hµν ∂
2 hµν +
1
2
(∂νhµν)
2 − 1
2
∂νhµν∂
µh− 1
4
h∂2h− 1
4
(
m2hµνhµν −m2h2
)
. (31)
For the massless case, m = 0, the Fierz-Pauli Lagrangian is identified as the linearized Lagrangian of Einstein’s
gravity. Thus, the Fierz-Pauli Lagrangian corresponds to the gauge-invariant Lagrangian LFP for a particular gauge.
We may call this gauge condition, Eq. (30), as the Fierz-Pauli gauge condition.
IV. CANONICAL QUANTIZATION OF THE FIERZ-PAULI LAGRANGIAN
Being a gauge fixed Lagrangian, the Fierz-Pauli Lagrangian is expected to possess second class constraints, similar
to the Proca Lagrangian. Defining the canonical momenta for the Fierz-Pauli Lagrangian
Π00 =
∂LFP
∂h˙00
, Π0i =
∂LFP
∂h˙0i
, Πij =
∂LFP
∂h˙ij
, (32)
we find that
Π00 = 0, Π0i = ∂
jhij − ∂ihjkηjk, (33a)
Πij =
1
2
h˙ij − 1
2
ηij h˙
klηkl. (33b)
The first two equations of Eq. (33a), which do not contain time derivatives of the canonical variables, are identified
as the primary constraints:
ϕ0 = Π00 = 0, (34a)
ϕi = Π0i − ∂jhij + ∂ihjkηjk. (34b)
6The Hamiltonian corresponding to the Fierz-Pauli Lagrangian is found as
H = Π0ih˙
0i + Πij h˙
ij − LFP
= (Πij)
2 − 1
d− 2(Πijη
ij)2 + V, (35a)
V = −1
2
(∂ih
0j)2 +
1
4
(∂kh
ij)2 +
1
2
(∂ih
0i)2 − 1
2
(∂ih
ij)2
−1
2
∂ih00∂jhij +
1
2
∂jhij∂
ihklηkl +
1
2
∂ih
00∂ihjkηjk +
1
4
(∂ih
jkηjk)
2
+
1
4
m2
(−2(h0i)2 + (hij)2 + 2h00hijηij − (hijηij)2) . (35b)
Commutators of the primary constraints with the Hamiltonian generate the secondary constraints as
χ0 = [ϕ0, H]PB = −
1
2
∂i∂jh
ij +
1
2
∇2hijηij − 1
2
m2hijηij = 0, (36a)
χi = [ϕi, H]PB = −∇2h0i + ∂i∂jh0j +m2h0i − 2∂jΠji = 0. (36b)
Using algebraic manipulations, we find that they are the second class constraints for m 6= 0:
[ϕ0(x), ϕi(x
′)]PB = 0, [ϕ0(x), χ0(x
′)]PB = 0, (37a)
[ϕ0(x), χi(x
′)]PB = 0, [ϕi(x), ϕj(x
′)]PB = 0, (37b)
[ϕi(x), χ0(x
′)]PB = 0, [ϕi(x), χj(x
′)]PB = −m2δijδ(x− x′), (37c)
[χi(x), χj(x
′)]PB = 0, [χ0(x), χi(x
′)]PB = −m2∂iδ(x− x′). (37d)
Therefore, we should employ the Dirac brackets to perform the canonical quantization of the Fierz-Pauli model,
which is expected to be very complicated. Moreover, as we observed in the previous section on the discussion of the
Proca model, the Dirac brackets may not be well defined in the massless limit. This leads us to conclude that the
Fierz-Pauli Lagrangian may not be suitable for studying the small-mass limit of the massive spin-two particle. We
should therefore look for an alternative Lagrangian that is well defined in the small-mass limit yet gauge equivalent
to the Fierz-Pauli Lagrangian if we are interested in studying the spin-two particle with a small mass.
Although it is cumbersome to carry out canonical quantizations of the Fierz-Pauli Lagrangian, it is not difficult to
find the propagator of the massive spin-two particle described by the Fierz-Pauli Lagrangian: In momentum space,
we may rewrite the Fierz-Pauli Lagrangian of Eq. (31) as
LFP = 1
2
hµνOFPµν,αβhαβ , (38a)
OFPµν,αβ = −
(p2 +m2)
4
(ηµαηνβ + ηναηµβ − 2ηµνηαβ)− 1
2
(ηµνpαpβ + ηαβpµpν)
+
1
4
(ηµαpνpβ + ηµβpνpα + ηναpµpβ + ηνβpµpα). (38b)
The propagator of the spin-two field is defined by
OFPµν,αβGαβ,σλFP =
i
2
(
δσµδ
λ
ν + δ
σ
ν δ
λ
µ
)
. (39)
Using algebraic manipulations, we obtain
Gαβ,σλFP =
i
p2 +m2
{
2
d− 1
(
ηαβ +
pαpβ
m2
)(
ησλ +
pσpλ
m2
)
−
(
ηασ +
pαpσ
m2
)(
ηβλ +
pβpλ
m2
)
−
(
ηαλ +
pαpλ
m2
)(
ηβσ +
pβpσ
m2
)}
. (40)
This propagator of the spin-two field for the Fierz-Pauli Lagrangian and the propagator of the vector field Eq. (24)
for the Proca model are similar in that both diverge in the massless limit. Therefore, the Fierz-Pauli Lagrangian may
not be useful for studying the spin-two particle with small mass.
7V. CANONICAL QUANTIZATION OF MASSIVE SYMMETRIC RANK-TWO TENSOR
Returning to the gauge-invariant Lagrangian of Siegel and Zwiebach, we begin the canonical quantization of the
massive symmetric rank-two tensor by defining the canonical momenta: We may rewrite LSZ of Eq. (27) as follows
LSZ = −1
4
(h˙00)2 + h˙00(−∂ih0i + η˙ +mB0) + h˙0i(∂jhij + ∂iη −mBi)
+
1
4
(h˙ij)2 + B˙0(∂iB
i +
1
4
m(−h00 + hijηij) + 5
2
mη) +
1
2
(B˙i)2
−η˙2 + ∂ih0iη˙ − V. (41)
Here, V denotes a potential term that does not contain time derivatives of the fields,
V =
1
4
(∂ih
00)2 +
7
32
m2(h00)2 − 1
2
(∂ih
0j)2 +
1
2
(∂ih
0i)2 − 1
2
m2(h0i)2
+
1
4
(∂kh
ij)2 − 1
2
(∂ih
ij)2 +
1
4
m2(hij)2 − 1
32
m2(hijηij)
2 − 1
2
(∂iB
0)2
+
1
2
(∂iB
j)2 − 1
2
(∂iB
i)2 − (∂iη)2 − 13
8
m2η2 +
1
4
mh00∂iB
i +
1
16
m2h00hijηij
+
3
8
m2ηh00 −m∂ih0iB0 − ∂ihij∂jη +m∂ihijBj − 1
4
mhijηij∂kB
k
−3
8
m2ηhijηij − 5
2
mη∂iB
i. (42)
The canonical momenta that are conjugate to the fields are defined as
Π00 =
∂LSZ
∂h˙00
, Π0i =
∂LSZ
∂h˙0i
, Πij =
∂LSZ
∂h˙ij
, (43a)
ΠB0 =
∂LSZ
∂B˙0
, ΠBi =
∂LSZ
∂B˙i
, piη =
∂LSZ
∂η˙
. (43b)
From Eqs. (41, 42, 43a, 43b) we obtain
Π00 = −1
2
h˙00 − ∂ih0i + η˙ +mB0, Π0i = ∂jhij + ∂iη −mBi, (44a)
Πij =
1
2
h˙ij , Π
B
0 = ∂iB
i +
1
4
m(−h00 + hijηij) + 5
2
mη, (44b)
ΠBi = B˙i, piη = h˙
00 − 2η˙ + ∂ih0i (44c)
and the Hamiltonian density
HSZ = −Π200 + Π2ij +
1
2
(
ΠBi
)2 − piη(mB0 − ∂ih0i)
+mB0(mB0 − ∂ih0i) + V. (45)
We may manufacture the primary constraints by taking the linear combination of equations Eqs.(44a, 44b, 44c):
ϕ0 = 2Π00 + piη + ∂ih
0i − 2mB0 = 0, (46a)
ϕi = Π0i − ∂jhij − ∂iη +mBi = 0, (46b)
ϕB = ΠB0 − ∂iBi +
1
4
m(h00 − hijηij)− 5
2
mη = 0. (46c)
Commutators of these primary constraints with the Hamiltonian yield the secondary constraints as follows:
χ0 = [ϕ0, HSZ ]PB = ∇2h00 −m2h00 +mpiB0 − ∂ipi0i −∇2η, (47a)
χi = [ϕi, HSZ ]PB = ∂ipiη −m∂iB0 −∇2h0i +m2h0i +mpiBi − 2∂jpiij , (47b)
χB = [ϕB , HSZ ]PB =
1
2
mpi00 +
3
2
mpiη − ∂ipiBi − 1
2
mηijpi
ij − 1
2
m2B0 −∇2B0, (47c)
8where HSZ =
∫
dd−1 xHSZ(x). The primary constraints, Eqs. (46a, 46b, 46c), and the secondary constraints, Eqs.
(47a, 47b, 47c), form a set of firs class constraints, which generate the local gauge transformation in Eq.(28)
δhµν =
[
hµν ,Ω(
0, i, )
]
PB
, δBµ =
[
Bµ,Ω(
0, i, )
]
PB
, δη =
[
η,Ω(0, i, )
]
PB
(48)
with a gauge generator
Ω(0, i, ) = −˙0ϕ0 − ˙ϕB − ˙iϕi + 0χ0 + χB + iχi. (49)
VI. MASSIVE SYMMETRIC RANK-TWO TENSOR IN THE TRANSVERSE-TRACELESS GAUGE
We have shown that the gauge degrees of freedom of the Siegel-Zwiebach Lagrangian can be fixed by the Fierz-Pauli
gauge condition, and the Lagrangian reduces to the well-known Fierz-Pauli Lagrangian, which describes a massive
spin-two particle. However, the Lagrangian in the Fierz-Pauli gauge may not be useful for studying a spin-two particle
with small mass because the propagator for the spin-two field may be singular in the massless limit. From the study
of the Proca model, we deduced that an appropriate gauge condition may be the transverse-traceless (TT) gauge
[19–23]
∂µh
µ
ν = 0, h = 0. (50)
In the TT gauge, LSZ reduces to LTT:
LTT = 1
4
hµν(∂
2 −m2)hµν + 1
2
Bµ(∂
2 −m2)Bµ − 1
2
η(∂2 −m2)η
+
1
2
(∂µη −mBµ)2 + 1
2
(
3
2
mη + ∂µB
µ)2 − λ
2
(∂µh
µ
ν)
2 − σ
2
h2 (51)
where λ and σ are Lagrangian multipliers. We note that the symmetric rank-two tensor field hµν decouples from the
Stueckelberg fields Bµ and η. Thus, we can separate the propagator for hµν from those of Bµ and η.
It takes some algebraic manipulation to obtain the propagator for hµν . In momentum space, the Lagrangian for
hµν in the TT gauge may be written as
LhTT =
1
2
hµνOµν,αβhαβ , (52a)
Oµν,αβ = − (p
2 +m2)
4
(ηµαηνβ + ηναηµβ)− σ ηµνηαβ
−λ
4
(ηµαpνpβ + ηµβpνpα + ηναpµpβ + ηνβpµpα), (52b)
and the propagator for hµν , G
αβ,σλ, which satisfies
Oµν,αβGαβ,σλ = i
2
(
δσµδ
λ
ν + δ
σ
ν δ
λ
µ
)
. (53)
Some straightforward but tedious algebra yields an explicit form of the propagator for hµν in the TT gauge:
Gαβ,σλ =
i
p2 +m2
{
Aηαβησλ − (ηασηβλ + ηαληβσ) + C
p2
(ηαβpσpλ + ησλpαpβ)
+
D
p2
(ηασpβpλ + ηαλpβpσ + ηβσpαpλ + ηβλpαpσ) +
E
p4
pαpβpσpλ
}
, (54a)
A =
4p2
(
p2 +m2
)
λ+ 8p2λσ
(p2 +m2)
2
+ 2 (p2 +m2) (p2λ+ dσ) + 4(d− 1)p2λσ , (54b)
C = − 8p
2λσ
(p2 +m2)
2
+ 2 (p2 +m2) (p2λ+ dσ) + 4(d− 1)p2λσ , (54c)
D =
p2λ
(p2 +m2) + p2λ
, (54d)
E = − 4p
2λ
(p2 +m2) + p2λ
(
p2 +m2
)
p2λ+ 2(d− 2)p2λσ
(p2 +m2)
2
+ 2 (p2 +m2) (p2λ+ dσ) + 4(d− 1)p2λσ . (54e)
9In the limit where λ, σ →∞, we find
A→ 2
d− 1 , C → −
2
d− 1 , D → 1, E → −
2(d− 2)
d− 1 . (55)
Hence, we obtain the propagator, Gαβ,σλTT (m) in the TT gauge, which reduces to
lim
λ,σ→∞
Gαβ,σλTT (m) =
i
p2 +m2
{
2
d− 1
(
ηαβ − p
αpβ
p2
)(
ησλ − p
σpλ
p2
)
−
(
ηασ − p
αpσ
p2
)(
ηβλ − p
βpλ
p2
)
−
(
ηαλ − p
αpλ
p2
)(
ηβσ − p
βpσ
p2
)}
(56)
in the limit λ, σ →∞. It is easy to check that Gαβ,σλTT (m) satisfies the transverse-traceless gauge condition:
Gαβ,σλTT (m)pα = G
αβ,σλ
TT (m)pβ = G
αβ,σλ
TT (m)pσ = G
αβ,σλ
TT (m)pλ = 0, (57a)
ηαβG
αβ,σλ
TT (m) = ησλG
αβ,σλ
TT (m) = 0. (57b)
Apparently, the propagator for the massive spin-two field in the TT gauge has a well-defined massless limit:
lim
m→0
Gαβ,σλTT (m) = G
αβ,σλ
TT (0)
=
i
p2
{
2
d− 1
(
ηαβ − p
αpβ
p2
)(
ησλ − p
σpλ
p2
)
−
(
ηασ − p
αpσ
p2
)(
ηβλ − p
βpλ
p2
)
−
(
ηαλ − p
αpλ
p2
)(
ηβσ − p
βpσ
p2
)}
. (58)
Here, Gαβ,σλTT (0) is identified as the propagator for the massless graviton in the TT gauge [19].
Returning to the Lagrangian in the TT gauge of Eq. (51), we may write the part of the Lagrangian containing the
Stueckelberg fields Bµ and η as
LB,ηTT =
1
4
(∂µBν − ∂νBµ)2 + 5
2
mη∂µB
µ − 1
2
η
(
∂2 −m2) η. (59)
We note that the kinetic term for Bµ is invariant under U(1) gauge transformation
Bµ → Bµ + ∂µΛ. (60)
Decomposing the vector field Bν into a transvers part B
T
ν and a longitudinal part B
L
ν
Bν = B
T
ν +B
L
ν = B
µ
(
ηµν − pµpν
p2
)
+Bµ
(
pµpν
p2
)
, (61)
we find that η couples to the longitudinal part of the Bµ field, which may be written with a scalar field φ as B
L
µ = ∂µφ.
As BL, equivalently φ, appears only in the Lagrangian Eq. (59) through the linear coupling to η, 52m∂
2η φ , φ plays
the role of a Lagrangian multiplier. Integrating φ in the path integral imposes a condition ∂2η = 0: therefore, η is an
auxiliary field, which can be trivially integrated. Hence, integrating BLµ and η, we get LB,ηTT → LBTT , which may be
written by
LBTT =
1
4
(∂µBν − ∂νBµ)2 , ∂µBµ = 0. (62)
The propagator for BTµ is the bona-fide propagator for a massless U(1) gauge field in the Lorenz gauge
GBµν =
i
p2
(
ηµν − pµpν
p2
)
, pµGBµν = p
νGBµν = 0. (63)
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Collecting LhTT and LBTT , we find that the Siegel-Zwiebach model for a massive symmetric rank-two tensor is described
in the TT gauge by a massive spin-two field, satisfying the TT gauge condition and the Stueckelberg vector field Bµ,
which becomes a massless U(1) gauge field, satisfying the Lorenz gauge condition
LTT = 1
4
hµν(∂
2 −m2)hµν + 1
4
(∂µBν − ∂νBµ)2 − λ
2
(∂µh
µ
ν)
2 − σ
2
h2 − α
2
(∂µB
µ)
2
. (64)
It may be reasonable to integrate the Stueckelberg vector field Bµ further because it does not couple to physical
degrees of freedom: in conclusion, we may describe the massive spin-two particle by LhTT
LhTT =
1
4
hµν(∂
2 −m2)hµν − λ
2
(∂µh
µ
ν)
2 − σ
2
h2 (65)
and the propagator Gαβ,σλTT (m) in the TT gauge given by Eq. (56). Fig. 1 summarizes the relations between the
theories of the spin-two field.
LSZ
Gauge Invariant
L TTL FP
massive massive
L TT
massless
Gauge Equivalent
TT GaugeFP Gauge
Massless Limit
vDVZ 
Discontinuity
FIG. 1: Relations between theories of the spin-two field.
VII. DISCUSSIONS AND CONCLUSIONS
We have studied the massive symmetric rank-two tensor in open string theory in the framework of canonical
quantization that contains two Stueckelberg fields. Performing canonical analysis, we find that the massive symmetric
rank-two tensor theory of Siegel and Zwiebach contain only first class constraints. By explicit calculation, we have
shown that the rank-two tensor theory is invariant under the local gauge transformation generated by the first class
constraints in the critical dimension of bosonic string theory. In a particular gauge, the Stueckelberg fields the rank-
two tensor theory reduces to the massive spin-two theory of Fierz and Pauli. Then, we pointed out that the massive
spin-two theory of Fierz and Pauli possesses second class constraints, and the Dirac brackets are not well defined in
the massless limit. Accordingly, the propagator for the massive spin-two field of Fierz-Pauli theory also diverges and
does not reduce to that of the massless graviton of Einstein’s gravity in the massless limit: this gives rise to the vDVZ
discontinuity [24, 25], which has been studied in detail in Refs. [32–35].
Because the massive symmetric rank-two tensor theory is gauge invariant, we may choose a gauge condition alterna-
tive to the Fierz-Pauli gauge condition. We may impose the gauge fixing condition on the spin-two field hµν instead of
the Stueckelberg fields: the most plausible choice may be the transverse-traceless (TT) gauge condition by which the
11
spin-two field completely decouples from the two Stueckelberg fields. Hence, in the TT gauge, we may integrate the
Stueckelberg fields, which may not couple to physical sources, to obtain a simple Lagrangian LhTT , Eq. (65) describing
the massive spin-two field satisfying the TT gauge condition. By some algebra, we constructed a propagator for
massive spin-two field, Gαβ,σλTT (m) in the TT gauge In contrast to the propagator in the massive spin-two theory of
Fierz and Pauli, Gαβ,σλFP (m), Eq.(40), the propagator in the TT gauge, G
αβ,σλ
TT (m) smoothly reduces in the zero-mass
limit to the graviton propagator of Einstein’s gravity in the TT gauge without encountering any discontinuity. It
may be interesting to study this massive rank-two tensor theory further to understand how the Vainshtein mechanism
[32] is realized in the TT gauge. It may also be worthwhile to investigate the propagation of the gravitational wave
using the propagator in the TT gauge in details to explore the possibility of finite mass for graviton. It is apparent
that the massive rank-two tensor theory of Siegel and Zwiebach is free of Boulware-Deser ghost [36–38], because this
gauge-invariant theory reduces to the Fierz-Pauli theory in a particular gauge, where the Boulware-Deser ghost is
absent.
As we have shown by explicit calculation, the symmetric rank-two tensor theory of Siegel and Zwiebach possesses
local gauge invariance only at the critical dimension. In order to apply this symmetric rank-two tensor theory on
four-dimensional space-time, we need to define the open string theory on a D3-brane. In this case we expect to have
superfluous vector and scalar fields. The present work may be extended further to symmetric rank-two tensor theories
on various dimensions by defining open string theories on general Dp-branes. The symmetric rank-two tensor theory
based on string theory is also useful to construct a consistent interacting spin-two field theory [39–43], which is one of
most challenging problems in theoretical physics. We can obtain cubic coupling terms directly from three open string
scattering amplitudes, evaluating Polyakov string path integrals [44] in the proper-time gauge [45–50]. Choosing
external string states as a composition of vector gauge field and spin-two field, we may fix the cubic interaction terms
between vector gauge field and spin-two field. In principle, string scattering amplitudes will guide us to construct a
consistent interacting spin-two field theory and we may resolve the Velo-Zwanziger problem [39–41] in the framework
of string theory on Dp-branes. The present work may be extended to describe interaction between massive spin-two
field with massless graviton, introducing splitting and joining interactions between open and closed strings. Evaluating
string scattering amplitudes of open and closed strings, we may obtain interaction terms between the massive spin-two
field of open string and massless graviton of closed string. The resultant may provide an alternative approach to the
problem of consistent equations of motion which has been studied in Refs. [51, 52]. Extensions of the present work
along these directions will be presented elsewhere.
It is interesting to note that the massive symmetric rank-two tensor appears also in the spectrum of closed string if
we choose a left-right asymmetric vacuum [53]. It has been shown that with asymmetric vacuum and an appropriately
chosen time ordering, the spectrum of closed string contains only a finite number of field theoretic degrees of freedom:
string gravity fields, which consists of massless spin-two graviton, Kalb-Ramond and dilaton fields, and two massive
symmetric rank-two tensor fields. We expect that the BRST invariant formulation of this closed string theory may
introduce additional Stueckelberg fields as in the case of open string theory and the present work may be useful to
study the canonical structure of this theory.
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Appendix A: Gauge Symmetry of Massive Symmetric Rank-Two Tensor Theory
It may be instructive to check the local gauge invariance of the massive symmetric rank-two tensor theory LSZ of
Siegel and Zwiebach by explicit calculations. The massive symmetric rank-two tensor theory of Siegel and Zwiebach
is described by the following Lagrangian:
LSZ = 1
4
hµν(∂
2 −m2)hµν + 1
2
Bµ(∂
2 −m2)Bµ − 1
2
η(∂2 −m2)η
+
1
2
(∂νhµν + ∂µη −mBµ)2 + 1
2
(
m
4
h+
3
2
mη + ∂µB
µ)2 (A1)
where h = hσσ. From the BRST invariance [15], we deduce the gauge transformation as
δhµν = ∂µν + ∂νµ − 1
2
mηµν, δBµ = ∂µ+mµ, δη = −∂µµ + 3
2
m. (A2)
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Under gauge transformation, each term in LSZ is transformed as follows:
1
4
hµν∂
2hµν → 1
2
∂µν∂
2∂µν +
1
2
∂µν∂
2∂νµ +
1
16
m2d∂2
+hµν∂
2∂µν − 1
4
mh∂2− 1
2
m∂µ
µ∂2, (A3a)
−m
2
4
hµνh
µν → −1
2
m2∂µν∂
µν − 1
2
m2∂µν∂
νµ − 1
16
m4d2
−m2hµν∂µν + 1
4
m3h+
1
2
m3∂µ
µ, (A3b)
1
2
Bµ∂
2Bµ → 1
2
∂µ∂
2∂µ+
1
2
m2µ∂
2µ +Bµ∂
2∂µ
+mBµ∂
2µ +m∂µ∂
2µ, (A3c)
−η∂2η → −∂µµ∂2∂νν − 9
4
m2∂2+ 2η∂2∂µ
µ
−3mη∂2+ 3m∂µµ∂2, (A3d)
13
8
m2η2 → 13
8
m2∂µ
µ∂ν
ν +
117
32
m42 − 13
4
m2∂µ
µη
+
39
8
m3η− 39
8
m3∂µ
µ, (A3e)
1
2
∂νhµν∂λh
µλ → −1
2
∂µν∂
µ∂ν∂λ
λ − 1
2
∂νµ∂
ν∂2µ − 1
8
m2∂2
−hµν∂µ∂ν∂λλ − hµν∂ν∂2µ + 1
2
mhµν∂
µ∂ν
−∂µν∂ν∂2µ +m∂2∂µµ, (A3f)
∂νhµν∂
µη → hµν∂µ∂ν∂λλ − 3
2
mhµν∂
µ∂ν− ∂µν∂µ∂νη
+∂µν∂
µ∂ν∂λ
λ − 3
2
m∂µν∂
µ∂ν− ∂νµ∂µ∂νη
+∂νµ∂
µ∂ν∂λ
λ − 3
2
m∂νµ∂
µ∂ν+
1
2
m∂2η
−1
2
m∂2∂µ
µ +
3
4
m2∂2, (A3g)
−m∂νhµνBµ → mhµν∂µ∂ν+m2hµν∂νµ +m∂µν∂νBµ
+m∂µν∂
µ∂ν+m2∂µν∂
νµ +m∂νµ∂
νBµ
+m∂µν∂
µ∂ν+m2∂νµ∂
νµ − 1
2
m2∂µB
µ
−1
2
m2∂2− 1
2
m3∂µ
µ, (A3h)
mη∂µB
µ → mη∂2+m2η∂µµ −m∂νν∂µBµ
−m∂νν∂2−m2∂νν∂µµ + 3
2
m2∂µB
µ
+
3
2
m2∂2+
3
2
m3∂µ
µ, (A3i)
m2
32
hµνh
ν
ν →
1
8
m2∂µ
µ∂ν
ν +
1
128
m4d22 +
1
8
m2h∂ν
ν
− d
32
m3h− 1
16
m3d∂µ
µ, (A3j)
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1
2
∂µB
µ∂νB
ν → −1
2
∂µ∂µ∂
2− 1
2
m2µ∂µ∂ν
ν −Bµ∂µ∂2
−mBµ∂µ∂νν −mµ∂µ∂2, (A3k)
3
8
m2hµµη → −
3
8
m2h∂ν
ν +
9
16
m3h+
3
4
m2∂µ
µη
−3
4
m2∂µ
µ∂ν
ν +
9
8
m3∂µ
µ− 3d
16
m3η
+
3d
16
m3∂µ
µ − 9
32
m4d2 (A3l)
1
4
mhµµ∂νB
ν → 1
4
mh∂2+
1
4
m2h∂ν
ν +
1
2
m∂µ
µ∂νB
ν
+
1
2
m∂µ
µ∂2+
1
2
m2∂µ
µ∂ν
ν − d
8
m2∂µB
µ
−d
8
m2∂2− d
8
m3∂µ
µ, (A3m)
3
2
mη∂µB
µ → 3
2
mη∂2+
3
2
m2η∂µ
µ − 3
2
m∂µB
µ∂ν
ν
−3
2
m∂µ
µ∂2− 3
2
m2∂µ
µ∂ν
ν +
9
4
m2∂µB
µ
+
9
4
m2∂2+
9
4
m3∂µ
µ (A3n)
It may be useful to rearrange the variations of LSZ under the local gauge transformation in terms of powers of m to
explicitly show that they cancel out to the boundary terms.
• Terms containing hµν :
– Order of m0
hµν∂
2∂µν − hµν∂ν∂2µ + hµν∂µ∂ν∂λλ − hµν∂µ∂ν∂λλ = 0. (A4a)
– Order of m1
−1
4
mh∂2+
1
4
mh∂2+
1
2
mhµν∂
µ∂ν− 3
2
mhµν∂
µ∂ν+mhµν∂
µ∂ν = 0. (A4b)
– Order of m2
−m2hµν∂µν +m2hµν∂νµ + 1
8
m2h∂ν
ν − 3
8
m2h∂ν
ν +
1
4
m2h∂ν
ν = 0. (A4c)
– Order of m3
1
4
m3h− d
32
m3h+
9
16
m3h =
(
26− d
32
)
m3h = 0. (A4d)
• Terms containing Bµ:
– Order of m0
Bµ∂
2∂µ−Bµ∂µ∂2 = 0. (A5a)
– Order of m1
mBµ∂
2µ +m∂µν∂
νBµ +m∂νµ∂
νBµ −m∂νν∂µBµ −mBµ∂µ∂νν
+
1
2
m∂µ
µ∂νB
ν − 3
2
m∂µB
µ∂ν
ν = 0. (A5b)
– Order of m2
−1
2
m2∂µB
µ +
3
2
m2∂µB
µ − d
8
m2∂µB
µ +
9
4
m2∂µB
µ =
(
26− d
8
)
m2∂µB
µ = 0. (A5c)
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• Terms containing η:
– Order of m0
2η∂2∂µ
µ − ∂µν∂µ∂νη − ∂νµ∂µ∂νη = 0. (A6a)
– Order of m1
−3mη∂2+ 1
2
m∂2η +mη∂2+
3
2
mη∂2 = 0. (A6b)
– Order of m2
−13
4
m2∂µ
µη +m2η∂µ
µ +
3
4
m2∂µ
µη +
3
2
m2η∂µ
µ = 0. (A6c)
– Order of m3
39
8
m3η− 3d
16
m3η =
3(26− d)
16
m3η = 0. (A6d)
• Terms not containing fields:
– Order of m0
1
2
∂µν∂
2∂µν +
1
2
∂µν∂
2∂νµ +
1
2
∂µ∂
2∂µ− ∂µµ∂2∂νν − 1
2
∂µν∂
µ∂ν∂λ
λ
−1
2
∂νµ∂
ν∂2µ − ∂µν∂ν∂2µ + ∂µν∂µ∂ν∂λλ + ∂νµ∂µ∂ν∂λλ − 1
2
∂µ∂µ∂
2
= 0. (A7a)
– Order of m1
−1
2
m∂µ
µ∂2+m∂µ∂
2µ + 3m∂µ
µ∂2+m∂2∂µ
µ − 3
2
m∂µν∂
µ∂ν
−3
2
m∂νµ∂
µ∂ν− 1
2
m∂2∂µ
µ +m∂µν∂
µ∂ν+m∂µν∂
µ∂ν−m∂νν∂2
−mµ∂µ∂2+ 1
2
m∂µ
µ∂2− 3
2
m∂µ
µ∂2 = 0. (A7b)
– Order of m2
d
16
m2∂2− 1
2
m2∂µν∂
µν − 1
2
m2∂µν∂
νµ +
1
2
m2µ∂
2µ − 9
4
m2∂2
+
13
8
m2∂µ
µ∂ν
ν − 1
8
m2∂2+
3
4
m2∂2+m2∂νµ∂
νµ − 1
2
m2∂2
−m2∂νν∂µµ + 3
2
m2∂2+
1
8
m2∂µ
µ∂ν
ν − 1
2
m2µ∂µ∂ν
ν − 3
4
m2∂µ
µ∂ν
ν
+
1
2
m2∂µ
µ∂ν
ν − d
8
m2∂2− 3
2
m2∂µ
µ∂ν
ν +
9
4
m2∂2
=
(
26− d
16
)
m2∂2 = 0. (A7c)
– Order of m3 (
41
4
− 41
4
)
∂µ
µ = 0. (A7d)
– Order of m4
(d− 26)(d− 18)
128
m42 = 0. (A7e)
We find that the cancellations are highly non-trivial and that some terms cancel out only if the space-time dimension
d is equal to the critical value dcritical = 26. We recall here that this local gauge symmetry originates in the nilpotency
of the BRST operator, which is applicable only in the critical dimension condition. It is interesting to note that even
for the classical considerations, the local gauge invariance is valid only when d = 26.
